A model of an arbitrary spin coupled to a bath of spins 1/2 in a star configuration is considered. The exact reduced dynamics of the central spin is found for the case of non-correlated initial conditions of the system and the bath. The exact solution is used to test two approximation techniques, namely, the Nakajima-Zwanzig projection operator technique and the time-convolutionless projection operator technique corresponding to the second order of the coupling constant. Two types of projection operators are used for deriving the master equations and the results are compared with the exact solution for a central spin equal to one. It is shown that the approximate master equations reproduce the exact dynamics on time-scales 1/(A √ N ), where A is the coupling constant and N is the number of spins in the bath.
I. INTRODUCTION
Many problems in quantum physics can be considered using a model in which one or more mesoscopic or even macroscopic coordinates interact with a background environment [1] . Most environments can be modelled as a set of oscillators or as a set of spins 1/2 [2] . The physical models in which quantum systems interact with a spin bath play a role in the quantum theory of magnetism [3] , quantum spin glasses [4] , theory of conductors [5, 6] and superconductors [7] . However, typical models of this type are usually complicated and cannot be described exactly [8] .
In order to describe the dynamics of a typical spinbath model one needs to use appropriate approximation techniques [8] . All approximation techniques can be divided into two classes: local in time and non-local in time approaches. The most widely used non-local in time approach is the Nakajima-Zwanzig projection operator technique [9, 10] . The typical example of the local in time technique is a time-convolutionless projection operator technique [8, 11] . For the same order of the perturbation expansion both approaches accurately describe the non-Markovian dynamics of the reduced system and give similar results for the timescales of the order 1/γ, where γ is a spontaneous emission constant [12, 13] . The crucial point in both approaches is the appropriate choice of a projection operator, which separates the relevant part of the total density matrix from the irrelevant one [14] . A successful choice of a projection operator can lead to * Electronic address: semin@ukzn.ac.za † Electronic address: sinayskiy@ukzn.ac.za ‡ Electronic address: petruccione@ukzn.ac.za a simpler form of the reduced master equation and to higher accuracy of the approximation technique.
In this article we study a model of an arbitrary spin resonantly coupled to a spin bath in a star configuration. Due to the special choice of the uniform coupling of the central spin to the bath spins, it is possible to find an exact evolution operator and to construct an explicit form of the reduced dynamics of the central spin. This result generalize the results presented in [13, 15, 16] for the cases of central spins equal to 1/2 and 1. The aim of this work is to test the most commonly used local and non-local in time approximation techniques for different choices of projection operators. We construct the second order Nakajima-Zwanzig and the second order time-convolutionless master equations for traditional and correlated projection operators [13] .
This article is organised as follows. In Sec. II we describe the model of an arbitrary spin coupled to a spin bath, present the analytical solution for the evolution operator and build the reduced density matrix for the central spin. In Sec. III we apply different projection operator methods to obtain two types of quantum master equations, and the general theory is used for a model spin equal to 1 coupled to a spin bath. Finally, in Sec. IV we discuss the results and conclude. The analysis of the non-resonant case of a central spin equal to 1/2 in a spin bath is presented in appendix.
II. MODEL AND ITS EXACT DYNAMICS
We consider a model of an arbitrary spin coupled to a bath of N 1/2-spins. The model Hamiltonian is given by
where σ k x , σ k y , and σ k z are the Pauli matrices of the k-th spin in the bath, S i is the component of the relevant spin along the i-axis, N is the number of spins in the bath, and A k are the strengths of the interaction between the central spin and the kth spin of the bath. We take the uniform coupling of the central spin and the spin bath to be A k = A. The model can then be solved analytically as follows.
The uniform coupling Hamiltonian (1) can be rewritten in the form
In the above equation,
are the collective operators of the bath spins, S and J are the vectors of the full spin of the central spin and the bath, respectively.
The expression (2) can be written as a sum of commutating terms, namely
where M = J + S is a vector of the total spin of the total system. In this paper units are chosen such that k B = = 1, where k B is Boltzmann's constant and is Plank's constant.
To describe the exact dynamics of the total system we need to specify an initial state of the total system which is given by the density operator ρ tot (0) and to find an evolution operator of the total system U (t) in an explicit form, as
With the knowledge of the evolution operator and the initial state of the total system the reduced dynamics of the central spin can be found as
Hereafter we will consider an initially uncorrelated state between the relevant spin and the bath. The initial state of the total system reads,
where ρ S (0) is the density matrix of the relevant spin, while ρ B (0) is the density matrix describing the state of N particle with 1/2-spins, as
In the above expression β = 1/T, where T is the temperature and Z = tr exp[−βJ z ] From Eqs. (4) and (3) one easily finds (6) and (8) and using the properties of the trace one finds
In the construction of the above equation we used the fact that the operators S 2 commute with any operator in a given representation. The partition function Z in Eq. (9) is
Finally, one finds the exact dynamics of a matrix element of the reduced density matrix in the basis of the eigenvectors of the operators S 2 and S z as
where C JM j1m1j2m2 are the known Clebsch-Gordon coefficients [17] and
is the degeneracy [15] . The sum over j 2 runs from 0 (N even) or 1/2 (N odd) to N/2. Particular cases of the exact solution (Eq. (11) ) are presented in the Figs. 1, 2 and 3. The number of spins in the bath has a weak influence on the dynamics of the central spin (see Fig. 1 ) and for a large number of spins in the bath N > 200 the dynamics of the central spin is almost independent from the number of spins in the bath. The influence of the inverse temperature (see Fig. 2 ) consists in an increase of the probability to find the spin in the exited state with increasing of β. Fig. 3 shows the probability of the filling of the level |j, 1 for different values of j. The growth of the value of a spin corresponds to an increase of the degree of freedom in the system. So, the probability to find the central spin in some state decreases with increasing of j. The analysis of the exact solution shows the periodic nature of the behaviour of the central spin. The period of the solution equals to 2π/A if the total spin of the system is integer and 4π/A if the total spin of the system is halfinteger. Moreover, the dynamics of the central spin is unitary and time reversible. This conclusion holds for any value of the central spin. The above result generalizes the results presented in [15] and [13] for the case of the central spin equal to 1/2 and results [16] for the central spin equal to 1.
III. APPROXIMATION TECHNIQUES
In this section we will apply approximation techniques to the model discussed in the previous section. Due to the presence of the exact reduced dynamics of this model we can examine various approximate master equations for the density matrix of the central spin and analyse their accuracy in leading order perturbation expansions. For convenience of the further investigation, we perform a unitary transformation of the Hamiltonian (2)
Because the exact result (11) was found in another picture, we must transform back to the old picture all further results to be able to compare to the exact ones as follows
where O and O I are arbitrary operators in the old and the new pictures, respectively. The corresponding transformation for the density matrix reads
A. Second-order approximations
The general form of the second order NakajimaZwanzig master equation for the relevant part of the density operator for the class of initial conditions (6) can be written as [9, 10] 
In the above equation H I is the Hamiltonian (12) and P is some projection operator. The second order NakajimaZwanzig master equation (15) is closely related to a second order time-convolutionless master (TCL) equation [11] . The second order TCL master equation can be derived from Eq. (15) replacing Pρ(t 1 ) by Pρ(t). Explicitly, the second order TCL master equation is given by
The characteristic feature of the TCL master equation is its locality in time. Nevertheless, the differential equation (16) is equivalent to the integro-differential equation (15) and, thus, describes memory effects. Both types of master equations are build from general assumptions, have the same general structure for a broad class of models, and the choice of a projection operator is almost arbitrary. A review of the most important classes of projection operators can be found in [14] . In the following section we will describe few possible types of projection operators.
B. Projection operators
A general class of time-independent projection operator was build in [13, 18, 19] . Any projection operator can be represented as follows,
where {A i } and {B i } are two sets of linear independent Hermitian operators on the Hilbert space of the environment of the open system H B satisfying the relations
Once P is chosen, the dynamics of the open system is uniquely determined by the dynamical variables
The connection to the reduced density matrix is simply given by
and the normalization condition reads
If one fixes some set of operators with the properties (18)- (20) , then the projection operator (17) is fully defined and the dynamics of the system under investigation is governed by one of the master equations presented above.
The most simple choice of a projection operator is an operator that projects on some fixed state of the environment, for instance, on an equilibrium state. In this case A n = I and B i = exp(−βH E )/Z, where H E is a free Hamiltonian of the environment and I is the identity operator. The projection operator (17) then is
Notice that for infinite temperature the projection operator simplifies to Pρ = tr E {ρ} ⊗ I/Z. In this form the projection operator (24) applies to most open quantum systems. Another way to build the projection operator (17) was described in [13, 18, 19] . It was proposed to choose operators in (17) from a class of projectors, which project on a subspace of some preserved quantities of the system of interest. Example of conserved quantities of open quantum system can be, e.g., the total number of particles or the total energy of the system.
C. Application to the model
In this subsection we apply the above approximation techniques to the model of an arbitrary spin coupled to a spin bath, as discussed in Sec. II. The first projection operator (24) has the form
where Z is defined in Eq. (10). The inverse transformation (13) for the density matrix (25) is defined by
It is clear, that the transformation does not change the diagonal elements. We notice [20] , that the spin system has two naturally conserved quantities, namely, the projection of the total spin on the z-axis S z and the square of the full spin S 2 . So we can build another projection operator for the underlying model of the form
where Π jm = |jm jm| is the projection operator on the eigenvectors of the bath operator J z and J 2 and
. The operator (27) fulfils the properties (18)- (20) and, thus, (27) is indeed a projection operator.
The inverse transformation (13) for the density matrix ρ jm = tr B (Π jm ρ) is defined by
The above transformation gives the identity for the diagonal elements. The Nakajima-Zwanzig master equation (15) for the projector (25) and the Hamiltonian (12) has the forṁ
where the Ω ± is defined as
The second order time-convolutionless master equation is obtained by replacing ρ(t 1 ) with ρ(t). By substituting Eqs. (12) and (27) into Eq. (15) one obtains the Nakajima-Zwanzig master equation in the forṁ
The initial conditions for Eq. (31) can be found by substituting the initial conditions (6) into Eq. (27). Explicitly, one gets
Of course, the time-convolutionless master equation is derived from (31) by replacing ρ(t 1 ) with ρ(t). The relevant part of the density matrix is defined from (31) as
D. Example j = 1
In this section we apply the general theory derived in the previous sections to a concrete example, namely, to a central spin j = 1 coupled to a spin bath. The master equation (29) Nakajima-Zwanzig and TCL equations). The dynamics of state |1, 1 for spin j = 1 is shown in Figs. 4-6 and 9. We notice, that for this type of projectors the TCL master equation gives the better result. Nonetheless, change of the inverse temperature has no effect on the accuracy of the methods (compare Figs. 4 and 5) . The increase of the number of spins into the bath leads to a decrease of accuracy (compare Figs. 4 and 6 ). So, we can conclude that the accuracy of the TCL master equation is ∼ 2/(A √ N ) and of the Nakajima-Zwanzig master equation ∼ 1/(A √ N ). The master equation (31) is more complicated than the corresponding Eq. (29) and we discuss it in detail. As one can see the Eq. (31) has a non-trivial dependence on the index m. The index m can take on a value −j, ..., j and consequently the system consists of independent blocks of k 2 ×(2j+1) equations (we assumed ρ j,|j|+1 = 0), where k is the dimension of the density matrix of the central spin. Nonetheless, it can be easily shown that the diagonal elements of any density matrix ρ jm are independent of the off-diagonal elements. The structure of the projection operator (27) allows to extract from Eq. (31) a minimal system of (k−1) coupled equations. Actually, the number of the coupling equation for the diagonal elements is k, but the conservation of the total spin of the system gives one more relationship between the equations. Now, we are ready to build the system of equations defining the master equation (29) for the case of a spin equal to 1. The dimension of the relevant density matrix in this case is (3 × 3), so the system readṡ
In the above equations we introduced the constant C = ρ 
where
The characteristics of the spin can be found from the above solution using (35). The TCL master equation has the same form of the corresponding Nakajima-Zwanzig master equation (36)-(37). Namely, the diagonal matrix elements is governed by the systeṁ
The analytical solution of the above system of equations can be found as a series. Unfortunately, the series converges extremely slowly. Moreover, the system is not stiff and methods of numerical solution diverge. Nevertheless, we can find an approximate analytical solution for the case m ≫ 1. The solution of the system in this case is
In the above equation
The expressions (41) - (42) given by (35) and every term given by (41) - (42) is small we can conclude that such approximation gives a good result for a large number of spins in the bath. The solution Eq. (31) for the central spin equal to 1 is presented in Figs. 7-9 . One can see, that the NakajimaZwanzig master equation (38) leads to results similar to (41)-(42) for the short time ∼ 2/(A √ N ). Nevertheless, the solution (38) gives a better result than the approximate solution of the corresponding TCL master equation (41)-(42). Thus, the method of correlated projection operators gives the same result as the previous one for short time-scales ∼ 2/(A √ N ). Another picture emerges for the long-time dynamics (Fig. 9) . In this domain the projectors (27) give the correct qualitative behaviour and allow to predict the increase of some peaks. So, for the description of the long-time dynamics Eq. (27) is more useful. The Nakajima-Zwanzig equation (31) for the model under consideration is solved analytically, but the corresponding TCL master equation can be solved only approximately. So, for the case of the central spin equal to 1, the use of the Nakajima-Zwanzig master equation for the projectors (27) is to be preferred, because it can be solved exactly.
IV. CONCLUSIONS
In the present article we have investigated the model of an arbitrary spin coupled with a bath of 1/2-spins. The exact solution for the reduced density matrix, corresponding to the central spin, was found and used to test a few approximation techniques.
The approximation techniques we have employed are based on time-independent projection operators methods. We have considered two types of projection operators from the general class of the time-independent projectors (17) . Namely, the first operator projects on the equilibrium bath state at a temperature 1/β and the second operator projects on the eigenspace of the bath operators J z and J 2 . For both choices of projection operators we have derived the second order Nakajima-Zwanzig master equations (29) and (31), and also the corresponding TCL master equations. Every master equation was applied to a model of central spin equal to one.
As the main result of this article we indicate that the traditional way to approximate open spin systems based on the time-independent projection operators gives the correct short-times dynamics of the relevant part of the system. The time-scales of the applicability of such approximate method can be estimated of the order of 1/(A √ N ), where A is the coupled constant and N is the number of spins in the bath. It seems, that approximation methods based on time-independent projection techniques are not so accurate for a large numbers of spins in the bath. The dependence on N can be removed by renormalization of the interaction constant, as A = A eff / √ N . In this case the time-scale for the applicability of the second order approximation will scale as 1/A eff . Some authors include such a factor in the initial Hamiltonian [2, 15] . In this sense, we have formally derived the meaning of this factor.
For spin star models the accuracy substantially depends on the number of spins in a spin bath. The timescales of accurate reproduction of the exact dynamics can be estimated as ∼ 1/(A √ N ). Nevertheless, the TCL master equation with the traditional projectors (25) gives better result than the corresponding Nakajima-Zwanzig master equation, and, moreover, gives similar results as the correlated projection operator (27) for short timescales dynamics. In order to predict short time-scales dynamics it is more useful to use the simplest projection operators combined with the technique of the TCL master equation.
In this connection we notice that the correlated projection operator technique may be useful for the prediction of the long-time behaviour of the spin system, if the analytical solution of the correlated projection operator master equation can be found. However, we emphasize that this result is beyond the scope of applicability of the second-order approximations and is rather a nice exception. In every concrete case long-time dynamics must be investigated additionally with the help of other methods.
Note that all the approximate equations of the second order presented in the paper give an equivalent dynamics, and can be easily extended to the non-resonant case, as shown in the appendix of this paper. Thus, it is advisable to use the simplest approximate equation, namely, the TCL master equation derived with help of the traditional projection operator. It might be helpful to note, all approximate techniques have limits of applicability and here we have shown the limit of applicability of the projection methods of the second-order. Finally, it seems that the traditional methods do not work well for spin bath models. Thus, it is necessary to develop new approximation techniques for strongly correlated open systems. 
In the above expressions we introduced the following functions f (t) = C(t) + C * (t), All the integrals appearing in the expression can be easily calculated. We do not explicitly show them as the expressions are rather cumbersome. Now, we have to make a transformation back to the Schrödinger picture to be able to compare the exact and the approximation solutions. It is clear that the diagonal elements of the density matrix do not change under the transformation. The off-diagonal elements change to where the subscript "SP" means "Schrödinger picture". The comparison of both the approximation solutions with the exact one in the off-resonant case is shown in Figs. 10-11 . One can see that the diagonal element of the density matrix (Fig. 10) describes well both types of the approximation equations. Moreover, it can be shown that both approximation solutions give the same behaviour in the long time-scales. So, the diagonal matrix elements are described with the same accuracy both approximated solutions (A5)-(A8).
The dynamics of the off-diagonal elements of the density matrix is shown in Fig. 11 . It seems that in this case the correlated projection operator works better. The solution following from the correlated projector master equation describes the amplitude of oscillations more precisely, but the oscillations have a different phase and do not allow to predict the exact dynamics with reasonable accuracy, only the qualitative behaviour. Thus, the applicability of the second order approximate methods can be estimated as 1/(ω 0 +A) √ N , where ω 0 is the detuning. Notice, that the dynamics of the off-diagonal elements of the density matrix (Eqs. (A6) and (A8)) presented in [13] seems to have another behaviour. It is due to the authors [13] represent them results in the interaction picture and we represent our results in the Schrödinger picture.
Let us consider the differences between (A5)-(A8) and the results derived in [13] . The correlated projection operator master equation (31) gives a dynamics which completely agrees with the corresponding results in [13] (see [22] ). Nevertheless, the results derived with the help of the traditional master equation differ from the corresponding results in [13] (see Eq. (58) therein). The results corresponding to Eq. (58 in [13] ) hold only for cos(At/2) = 1 under the integral in Eq. (A5). This is true only if N A ≪ ω 0 , which corresponds to the absence of the system-bath interaction.
